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INFRARED MSSIVITY OF DIATOHIC CASES FOR 
THE ANHAFMONIC VIBRATING ROTATOR MODEL 

W. MaUmus 
A. ThOBBon 

ABOTRACT 

In order to compute the ealsslvlty of a diatonic gas, a 

simplified model of a diatomic molecule la assumed: an enhar- 

monic oscillator with the first approximation to the vibration- 

rotation interaction. For a given band, the frequency of emitted 

radiation is expressed as a quadratic function of the quantum 

number m, vhich is solved to express m as a function of u. This 

expression is substituted for m in the equations used for com- 

puting the average line intensity and average line spacing. By 

applying the random Elsasser model to the fundamental and super- 

posed higher order bands, closed-form solutions are obtained for 

the emissivity as a function of u for certain limiting cases. 

Experimental data, where available, are used for the line vidths 

and total absorption of the bands. The harmonic oscillator 

approximation is used to estimate strengths of 

for which experimental data are not available, 

applied to HG/, HF, CO, and NO for temperature^ ranging from 

300 to 7000oK. 

I. IKTB0DÜCTI0N 

higher order bands 

This analysis is 

eoissivity of a diatonic 

lei for the molecule.8'9 
A first approximation to the infrared spectral 

gas can be made by assuming a harmonic oscillator 

This has the advantage of simplicity, but the veiy jiearly symetric inten- 

sity distribution which it yields does not closely Utch the asynnnetric 

shape which is found experimentally or calculated by a line-by-line 

method.1 
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Tc Improve the approximation! the model Is assumed to be an anhar- 

monlc oscillator with the first approxioation to the vlbraticn-rotatlon 

interaction, nils vili improve the approximation to the actual spectral 

emisslvlty without resort to tbe more detailed approach of considering 

the emission from each individual spectral line. 

II. DEVELOPHEKT 

Tbe energy levels of an anhamonlc oscillator, in the first approxi- 

mation to the vibration-rotation interaction, are given by 

B(T,J) .«e (v +|) . We xe (v +|7 ^e^e (v ^ +we 'e (v *V 

+ Be J(J +1) - o^ (v +|)j(J +1). (1) 

(Refer to the treatment of Stuli and Plass1 for notation and basic 

equations.)   The frequency of a transition for \&\ » 1 is then given by 

M « B(v + 1, j') - E^J) 

-ü)v+Be[j'(J' +1) - J(J +1)1 

- Oe[(v +|) J'(J' +1) - (v +|) H5 +1)), (2) 

where 

wv = ue-
2^+1) ue V I5(v+1)2+J] ue yg+CfCv+l^+Cv+l)] ue z^. (5) 

In tenns of m(m = J + 1 for the R-branch, m = -J for the P-branch), 

u = idu + 2B m - a [m(m + 1) + 2(v +1) m], (k) 

This equation expresses u as a quadratic function of m.    On solving for 

m, this becomes 

m - 
B   - a (v + 1) e       ex ' *N^e ' ae(v +1)l2 ' "e^ " %) 

OL 
(5) 



Note that Equation ('») implies a maxlcun value for u of 

(B^a^v +1)1« 

«w-^v* 
^ 

for 

B « 

Be - ge^v I V 

(6) 

(7) 

Since [B   - a (v + 1) l/ot   > o for all laoleeulea under consideration, this 
a  e      e 

model vlll alvaya have a hsud head in the R-brancb. Hence, the upper 

sign before the radical in Equation (?) refers to the main portion of the 

bond and the lower sign to the returning R-branch. (This convention for 

the ? or ± sign vill be used throughout this analysis.) 

The average line spacing in the region of a given m it 

d-2|Be - <^(v+1+■)(. (8) 

This becomes [expressed in terms of u by use of Equation (9)], 

d(ü) - 2 ^e - *ac(v + I))
8 - <^(w - <*,) (9) 

for the entire band, including the returning R-branch. 

The energy tera E (J) [Equation (6), Stull and Plass1] in teraa of 

the transition frequency u, is given by 

Ev0) - ^"^j1^ {^e " (v + 1) J [Be 

W |Be * (v +1) «ej " ae(u- uv^ 

■ (l * Be - F? 1) ae) 
ae(w * ^J ' 

(v +1) 0^ 

(10) 

ry 
Several appror.lnAtlons are used lu the nnalysis. The factor u^ 

defined by Equation (5)x is approximated by 

^' = Uv[l-exp(--i^)J . (U) 

"■ ■■i"i«ii^-«wt»««'«f tmimmmmB 



The Herman and Wallis11 factor F^ ^ is approximated by 

pe* ae(v •«•1) 7^ ^e - <**(" + V? - %i* • ^ ^ .  w 
vhere 

-8Be 
c--^ (13) 

(0 is the ratio of the zero  to the first order term in the expansion 

of the electric dipole moment). The partition functions GR(T) and G(T) 

are approximated by 

«BO -rs? w e 

and 

(  =^L exp [-£(0,0) hc/kT] ( . 
Uli;  Behc 1 - exp (-hCü^kT) ' {J^) 

Stull and Plass1 give the following equation for the integrated 

absorption of a vibration-rotation line: 

*  '. * v  y J 
sv'j'' -, H-^k'j'ik'j'x VJ  GR(y,T)^    

l v  "«J VJ 

[i BJ^J - + (J + 1) 8J+1)J -] [l - exp fa] ' g)] .        (16) 

Since 

J Vi,.)' + (J+1) W-1-1' 

8 



and by use of the preceding approxlantlonc, this beeoMs 

S y+K?) 
(«) 

df1 Behc        Be -o^(vH) *A\ -O^(vH) I8 -^(^Sf^ 

<+1W 

exp I hr  l2rBe * a*™) IBe -o^v+l) 
a8 T ^e 

TN/lBe .ae(v+i)F- o^i».^) 1 - (l ♦ Be ^H5T) V»-WJ X 

(l + ^ [Be^e(v4.1)?vr[Be^e(v+l)f-oe(«-^)])(l-c'12r) . 

(17) 

Experlaental data are used, where available, for the total band 
absorption a*1.   A convenient approxiaation is Bade to Stull and Plass'1 

Equation (8); namely, 

«i,-. -v+l 

^■J'ES^-.f—H^-J)]. ^+1(T0) T WTX) 
(18) 

so that c^+1 can be computed for any tenperature if it is known for one 

temperature. 

If data are not available for higher-order bands, by assuming the 

hannonic oscillator approximation and using Stull and Plass'1 Equations (U) 

and (9), one obtains 

In the weak line approximation, the emissivity is given by 

e % = 1 - exp [- piS(u!)/d(u)) | 

(19) 

where 

U) 

S(w) = Z 
v 

s;+1H(M)+s;+1W(U)]. 

(20) 

(21) 

9 
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(The sun over v Includes all higher-order bands which contribute signifi- 

cantly to the enission in the region of the fundamental, including bands 

associated with isotopic species.) 

An additional approximation is made in th', strong line approximation: 

1^ [l - erf (X1) J • exp (pir*54 ^ XjJ. 

In general, this approximation causes a change in the emissivity of less 

than yf>.    (It gives the same result as for the statistical model.) 

In the strong line approximation, 

iw - 1 - exp [.2a/ (P
2!)54 S* (U)/d(o))J        (22) c 

where 

6» M - Z [ (s^1«") («))* t (5^(+) (.)}] . (25) 

and a is the average half-width of the line at 1-ata pressure, 
o 

A detailed discussion of the range of validity of the various approxi- 

mations is given by Plass.2 For example, Plass'2 Figure 2 indicates that 

for pure CO, when e «0.6, the weak line approximation is accurate 

within 10f> when ö > 3. (This requires the pressure to be above some 

Blninum value which is largest (p * 50 atm) when T «1200^.) The strong 

line approximation is accurate within 10f> when 0 < 1. (For T «1200^ 

this Implies a maximum p «»1? atm.) A lower limit to the validity of the 

strong line approximation is imposed by the presence of Doppler broadening, 

which has ueen neglected. The Doppler and Lorentz widths are comparable 

for p « l/2 atm at T « 1200oK. 

For pure HF, the strong line approximation may be used for pressures 

up to a certain value (a maximum p « 55 atm for T * JCOO'K) and above a 
minimum determined by the Doppler broadening. (The Doppler and lorentz 

widths are comparable for p « 0Jf atm and T « 30000K.) 

10 



in. DISCUSSION 

Results of this analysis are presented (Figures 1 to 32) for HCl, 

UF, CO, and KG for teoperatures ranging from 300 to 7000*1C. The presence 

of isotopes other than Cl39 and Cl37 vas Ignored. Bnission fron as sany 

as 20 hands vas considered. 

Data of Benedict, et al.,a for BCi were used to cake a direct con- 

parison with the more elahorate calculations of Stall and Plass.l Their 

value of 1^0 i 7 cm'2 atn' for the fundamental band strength is probably 

too low (cf. Babrov, et al.,4 150 ± 5 cm"8 atm*x; Heber and Penner,8 

150 cm-8 atm*1). 
1 

Benedict and Elyler's® value of 260 cm"2 atm'1 was used for the CO 

fundamental band strength (cf. Weber and Penaer, 257 cm"2 atm"x). 

Kuipers* data7 were used for HF, and Weber and Penner's5 for HO. 

Average line widths were computed as described by Stull and Plass.1 

It should be noted that the supplementary computation made by these 
* 

authors for emission from line wings In the frequency range beyond a 

band head is omitted here. 

From 20 to 50 points were computed for each curve. Each set of four 

curves represents a charge of between 0.01 and 0.02 hour's time on an 

IBM 70lf digital computer. 

A comparison is made (Figures 33 and 3,0 with other published compu- 

tations of diatomic gas emissivltles. Figure 33 compares Equation (20) 

to the results of one particular computation by Stull and Plass (for HC/ 

at 2^00oK in the weak line approximation for pi = 100 atm-cm) in which 

they considered the emlsBion from approximately 2900 individual spectral 

lines. Penner and Gray8 recentüy published a comparative computation 

based on a simple harmonic oscillator model, which is also shown in 

Figure 33» 

The curve representing Equation (20) follows quite closely the curve 

computed by Stull and Plass,1 which is presumably the most accurate 

available theoretical computation. The agreement would be slightly closer 

11 
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if tL ^ previously mpntioned correction for line wing emiüsion beyond the 

bond head had been iicluded in this analysis. Presumably the tail drawn 

by Stull and Plass1 in the region near 5500 cm"1 was computed for one 

particular combination of path length and pressure, pertiaps for p = 100 atm 

and £ - 1 cm* 

Figure 5l* shows the results of a computation by Breene10 (for NO in 

air at 3000% density ratio = 10, thickness = 5 cm). Penner, Sulanann, 

and ludwig's8 results for the simple harmonic oscillator model are also 

shown. It shooia be noted that for comparison all three of these compu- 

tations utili^ea Breene«s10 multiplicative factor of 1.88 for the average 

path length (i.e., for a 5-cm-thick layer, a value of i = 9.k cm was used). 

A glance at Figure 5k  shows that Equation (20) is not much more suc- 

cese3\a than the simple harmonic oscillator approximation in matching 

Breene's10 computation. The correction for line wing emission would add 

a tall to the curve representing Equation (20) and extend it somewhat 

farther past 2000 cm"1.  (Since the line widths are of the order of 2 cm"1, 

this addition would not be very significant.) The highly asymmetric peaks 

in emissivity indicated by Equation (20) seem more reasonable than the 

nearly symmetric peaks shown by Breene.10 (Note, in comparison, that for 

HCi, the inclusion of the Herman and Wallis11  F-factor has caused a 

considerable augmentation of emissivity at lower frequencies and diminution 

at higher frequencies which makes the peaks nearly equal. This factor is 

negligible for the more symmetric NO molecule so that considerably more 

asymmetry would be expected on this basis.) 

Emisslvities have been computed (but not presented here) for HCi and 

HF in the weak line approximation and for CO and NO in the strong line 

approximation for the temperatures considered here. Also for several 

intermediate temperatures, emisslvities have been computed for all four 

molecules in both approximations. It is planned to extend the computa- 

tions to other molecules and also to consider Doppler broadening as well 

as Lorentz broadenir.;. 
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